The emergence of more powerful computational techniques has stimulated the development and study of more sophisticated models for portfolio selection problem including further constraints and further financial and non-financial decision criteria. In this paper, we propose a hybrid approach composed of two genetic algorithms to solve a fuzzy portfolio selection model with cardinality constraints, semicontinuous variable and non-financial goals. An analytical description of the efficient frontier and socially responsible solutions are obtained.
Introduction
The modern portfolio selection problem is a classical model for determining the optimal composition of a portfolio according to an investor's preferences. The model is credited to Markowitz [10] , who is rightfully regarded as the founder of modern portfolio theory. This problem is more naturally seen as a bi-objective problem with two financial goals: maximizing the expected return and minimizing the risk of the portfolio. Markowitz considered the return of each asset as a random variable and measured the expected return and the risk of a portfolio by means of the mean of the corresponding weighted sum of random variables and the quadratic form associated to the variance-covariance matrix, respectively. Under normality hypotheses, these can be estimated by taking historical data as a sample. However, finer measures of the risk and the return can be considered [7, 9, 11] .
On the other hand, Markowitz just imposed the trivial non-negativity constraints on the variables together with the sum-one constraint for the weights of the assets in the portfolio. Nevertheless, the emergence of more powerful computational techniques has stimulated the development and study of more sophisticated models including further constraints and further financial and non-financial decision criteria.
A relevant example of non-financial additional investment goals is Socially Responsible Investment (SRI). SRI is broadly defined as an investment process that integrates not only financial but also social, environmental, and ethical concerns into investment decision making. However, few portfolio selection models including these goals can be found in the literature ( [1, 2, 3, 12, 14] are some examples). One of the main problems faced by those authors is the rating of assets with regard to these issues. This poses two main mathematical problems: how to evaluate the social responsibility of the assets, which is by its nature a vague and imprecise concept, and how to aggregate in a final rating a great amount of relevant but imprecise information about firms and/or funds.
In [6] , a model for solving a fuzzy portfolio selection problem with cardinality constraints, semicontinuous variables and non-financial goals is proposed. In a first step, the efficient financial solutions, in terms of risk and return, are obtained as proposed in [5] . Then, in a second step a nonfinancial secondary goal is considered and new solutions are offered to the investor (interesting solutions from a financial point of view are not discarded as a result of the introduction of the non-financial constraints). From a computational viewpoint, the trouble with this approach emerges with medium and large-sized portfolio problems. For small-sized problems, in the first step, the analytical description of the efficient frontier is exact, whereas for mediumsized instances, a reasonable approximation of the exact frontier is provided. Furthermore, the CPUtime increases with the problem size, making the calculation of the solutions unviable for medium and large-sized problems.
In this paper, we describe a Soft-Computing method composed of two genetic algorithms (GAs) to solve this model, which is more adequate for medium and large-sized problems. The rest of the paper is organized as follows. In next section, a measure of the social responsibility of the assets and a formulation of the portfolio selection problem including a non-financial goal are presented. Section 3 describes the method for solving this model. In order to illustrate the proposed method, a example is presented in section 4. Finally, section 5 includes the conclusions. 
A measurement of the degree of social responsibility
The main SRI tool is investment in socially responsible mutual funds and the most common SRI strategy is screening, [13] . This investment strategy consists of checking companies for the presence or absence of certain social, environmental, ethical and/or good corporate governance characteristics. However, these characteristics have an ambiguous, imprecise and/or uncertain nature. Therefore, evaluating the social responsibility of the assets is not a simple question. In this context Fuzzy Set Theory offers some elements which can help the experts to assess the degree of social responsibility of a financial asset, [12] . We focus on equity mutual funds. Socially responsible equity mutual funds invest primarily in stocks and the degree of them is measured at two levels [6] : First, the fuzzy social performance of each firm invested in by the mutual fund is evaluated, and second, the quality of the non-financial information provided by the mutual fund managers is evaluated by using the reports of information on companies' performance with respect to environmental, social and governance criteria.
Let us consider n equity mutual funds {F 1 , F 2 , . . . , F n } which invest principally in stocks which are portions of ownership of a corporation or firm. Let us consider a set {f k } q k=1 of q firms in which the funds can invest at a certain moment of time. As equity mutual funds invest almost 100% in stocks, [6] , the degree of social responsibility of the funds is evaluated using the degree of social responsibility of the firms they invest in. In order to do so, m social screens {s 1 , s 2 , . . . , s m } are taken into account, which are the usual screens applied by the main rating agencies it is assumed that the expert evaluates the degree of social responsibility of each firm k with respect to each screen j by assigning it an interval:
represents the membership function of firm k with respect to the social screen j, considered as a tolerance interval. And, the interval representing the social responsibility degree of each firm k is the following:
Then, taking into account the percentage invested in each firm by each mutual fund, the degree of social responsibility of each mutual fund is:
where α i k ∈ [0, 1] represents the weighting percentage of firm k in mutual fund i.
Next step consists of obtaining a set of weights for each mutual fund, [6] . These weights play a correcting factor as they represent the degree of quality (in terms of transparency and credibility) of the information on the social screening process provided by the mutual funds' managers (they depend on several criteria: quality of the description of the screening process, existence of an external research team composed of experts in SRI, periodical non-financial audits, description of engagement policy, public disclosure of proxy voting practices and education of the fund manager on SRI practices). Therefore, a weight is assummed each interval:
These weights will be also a discrete set for each mutual fund. The interval represents the membership function of the weight assigned to mutual fund i considered as a tolerance interval. Thus, for each mutual fund F i , its Fuzzy Social Responsibility degree, SRD i , is defined as:
and taking into account (1) and (2), its membership function is given, for each 1 ≤ i ≤ n, by
Finally, we handle the Fuzzy Social Responsibility degrees by means of their expected values, [6] 
A multiobjetive model with cardinality constraints and semicontinuous variable
Our starting point is the following crisp multiobjective portfolio selection model (CP):
where V is the variance-covariance matrix, e is the vector of expected returns, the variables x i represent the weight of each asset in the portfolio (and hence they must satisfy constraint (c1)) and the binary variable y i takes the value 1 if and only if the corresponding asset actually appears in the portfolio. These auxiliary variables allow us to introduce cardinality and semicontinuous variable constraints into the model. Cardinality constraints impose conditions as (c2), bounding the number of assets appearing in the portfolio, but this is just an instance, and more particular constraints on specific sets of assets can be introduced in the same way. Semicontinuous variable constraints (c3) require the variables x i to be on an interval [l i , u i ] unless they take the value 0, [4] .
Constraints (c1)-(c3) are usually imposed as diversification constraints and we take them as the hard constraints of our problem, that is, as the constraints that the investor definitely wishes to impose. Furthermore, we consider two objectives: the minimization of the risk and maximization of the return. In particular, we can consider two models derivatives of the model (CP): a) the first objective as a main goal (ex ≥ r) together with the minimization of the risk R(x) (model CP r ); and b) the second objective as a main goal (x t V x ≤ R) together with the maximization of the return r(x) (model CP R ).
Recall that the efficient frontier of a portfolio selection problem is the set of efficient (i.e. nondominated) portfolios (pairs of return and risk).
The frontier determines two functions R ef (r) and r ef (R) (defined on suitable intervals) providing the minimum risk we can reach to ensure an expected return greater or equal to r and the maximum expected return we can reach with a risk not greater than R, i.e. the optimal values of (CP r ) and (CP R ) respectively.
Adding fuzzy conditions and non-financial goals
Now we state a fuzzy problem whose fuzzy constraint set will contain portfolios "not too far" from a given point of the efficient frontier expressing the investor's initial preferences about risk and return, and whose fuzzy goal set will contain portfolios that are "efficient enough" and "good enough" with regard to the non-financial goal, [6] . Then, a fuzzy optimization problem has a fuzzy constraint setC, which means that we consider not only feasible solutions and non feasible solutions, but also partially feasible solutions that can be acceptable for the decision-maker to a certain extent. On the other hand, we need a fuzzy goal setG, classifying the solutions as good or bad solutions (but accepting partially good solutions). These sets determine a fuzzy decision setD =C ∩G, where the fuzzy intersection is usually defined as the fuzzy set determined by the minimum of the corresponding degrees of membership, although several alternatives can be considered. The fuzzy optimal solution of a fuzzy problem is that possessing the best degree of membership of the decision set.
The feasible setC could beC =C r ∩C R , where the membership functions of the fuzzy setsC r and C R are given by:
where r and R are respectively the expected return and the risk of the portfolio (x, y) and the values r 0 , R 0 , s r and s R are determined from the investor's preferences. r 0 and R 0 are an expected return and a risk that the investor considers as completely acceptable, but he/she would accept worse values until reaching the tolerances s r and s R if this provides better results for the non-financial goal.
Next we define a fuzzy goal setG from two auxiliary fuzzy setsẼ andS, the first one defining the "efficient enough" portfolios and the second one defining the "good enough" ones with regard to the non-financial goal (always according to the investor's preferences). The setẼ will express what we are loosing by accepting a non-efficient portfolio, and so efficient portfolios will be now the totally efficient portfolios, i.e. those having degree of membership ofẼ equal to 1.
First we define efficiency with regard to the expected return and then, the efficiency with regard to the risk by means of two fuzzy setsẼ r andẼ R . The membership ofẼ r is:
where t r is a tolerance determined from the investor's preferences and r ef (R) is the efficient expected return corresponding to the risk R of the portfolio. This means that the degree of efficiency with regard to the expected return reaches the value 0 when the difference between the expected return r of the portfolio and r ef (R) exceeds a tolerance fixed by the investor. Analogously, we define the membership function ofẼ R as
that is, the degree of efficiency of a portfolio with regard to the risk is 1 for efficient portfolios and reaches the value 0 when the difference between the risk R of the portfolio and the efficient risk R ef (r) for its return r exceeds a given tolerance t R . Now we defineẼ =Ẽ r ∩Ẽ R , where the membership function of the fuzzy intersection is defined as the minimum of the previously defined membership functions. Hence the setẼ allows us to speak about partially efficient portfolios in such a way that efficient portfolios in the usual sense are now the totally efficient ones, but a portfolio close enough to the efficient frontier is considered as "almost efficient" in the fuzzy sense.
At this point we introduce the investor's preferences on the secondary goal. Let us assume that these preferences are given by a fuzzy setS, i.e. the membership degree ofS indicates "how good" a given portfolio is with regard to the secondary goal. When the secondary goal is SRI, we can define the Social Responsibility Degree of a portfolio as
and then normalize it as
where MSRD is the maximum value that SRD(x) attains on the set X, which can be calculated by solving a linear problem. Then we define our fuzzy goal setG by means of the membership function as a weighted sum
where the weight w expresses the importance of the secondary goal for the investor with regard to efficiency. So, a high value for w means that the investor is willing to go relatively far from the efficient frontier in order to obtain higher values of µS, whereas a small value of w means that the investor wishes to stay near the efficient frontier. In any case, recall we have defined the feasible set in such a way that only good enough solutions with regard to the financial goals are under consideration, and so the financial goals are always the main goals of the problem. More specifically, a large value for w means that, among the acceptable solutions with regard to the financial goals, those best with regard toS are preferred, and only for similar values with regard toS the degree of efficiency becomes relevant.
All in all, the degree of membership of the decision set is given by µD(x, y) = min{µC(x, y), wµS(x, y)+(1−w)µẼ(x, y)} and the fuzzy model with non-financial goals (FP) is the problem determined by this decision set, whose optimal solutions are those with maximum degree of membership ofD:
As we can see in this model, the objective function needs the explicit form of the efficient frontier in order to obtain the values r ef (R) and R ef (r) corresponding to the risk R and return r, respectively. This efficient frontier, under the conditions proposed in the set X, consists of a piecewise continuous function defined by a finite number of arcs of parabola. The terms of cardinality and bounded variables make the efficient frontier becomes more complicated.
A hybrid metaheuristic
A portfolio selection problem can turn into a more complex problem depending on the constraints that are added to the problem (the more irregular the efficient frontier is, the more computational efforts are required). To solve the problems with conventional methods, a high computational effort is required in medium/large-sized and complex problems. SoftComputing methods try to solve the drawbacks of the conventional methods, and they can work with less computational effort with these problems.
We propose a hybrid metaheuristic (named GASRP-FP) for solving the model (FP) in order to obtain the socially responsible portfolios. For this, firstly the explicit efficient frontier and subefficient frontiers have to be calculated, and then the socially responsible portfolios are obtained taking into account the constraints and the parameters of the problem. Before going any further, it is important to notice that after obtaining the socially responsible portfolios, we can offer to the investor, not only the best option taking the result of the efficient frontier, but also, a subefficient portfolios near the efficient frontier from the viewpoint of their social responsibility.
The proposed metaheuristic is composed of two steps: The first step consists of a multiobjective GA of second generation (NSGA-II type, [8] ) and it is responsible for the efficient to obtain explicit frontier (and subefficient frontiers) from a given problem (solutions to the model (CP)); and the second consists of a GA that works in parallel and is executed for each portfolio of the efficient and subefficient frontier, and it is responsible for getting socially responsible portfolios (solutions to the model (FP)).
The metaheuristic scheme is shown in Figure 1 . 
Obtaining efficient frontier and feasible portfolios (STEP 1)
The efficient frontier of the model (CP) is composed of a set of quadratic functions that describes the relation between risk and return, (R,r). The description of the elements of the multiobjective GA used to obtain the efficient frontier (and subefficient frontiers) of the model (CP) is as follows:
Individual:
The individual codification is binary where the individual length is equal to the number of assets (y). Each gene represents an asset and when the gene is equal to zero, the user does not invest in this asset. On the contrary, when the gene is equal to one, the user invests in this asset.
Besides, the individual carries associated some information. Specifically the associated information is: the parameters (a,b,c) [5] and included in this GA). It is important to notice that the parameter y is the individual and the rest of parameters are additional information.
Population:
The population is composed of the number of non-dominated individual and of the N dominated individuals that give diversity to the problem. The number of non-dominated individual is not limited.
Fitness:
The fitness function has a double purpose. On the one hand, the fitness changes the domain of the individual. The aim is to find the dominance of the individual: the function divides the individual and adjusts the domain in order to have dominated and non-dominated individuals. So, the individual that dominates another individual has a fitness equal to one and the dominated one has a fitness equal to zero. On the other hand, besides that dominance value, the fitness function uses a front and niche function in order to discriminate when two individuals have the same dominance value. The aim of this function is to obtain more diversity in the complete domain of the problem. The front and niche function is calculated as follows: 
Selection:
The selection operator is elitist (the individuals with dominance value equal to one are saved). To select the best individual of a population, the operator uses a binary tournament function where two individuals are compared considering their dominance value and if these values are equal, the operator returns the individual with the higher value of the front and niche function.
Crossing:
The crossover operator is performed by single crossover point. Given two individuals y 1 and y 2 , the operator considers the number of enabled assets of the two individuals and considers the assets that belong to the sets L and U . The crossing is carried out as follows:
Considering as parents:
the offsprings are defined as:
where L H1 ∪L H2 = L 1 ∪L 2 and U H1 ∪U H2 = U 1 ∪U 2 .
Mutation:
The mutation operator is applied by individual and there are several options, that are carried out with the same probability. The options are: To enable and disable an asset, to add or remove an asset of L, to add or remove an asset of U , to exchange an enabled asset for a disabled asset, to exchange a disabled asset for an enabled asset. Before carrying out a mutation, the constraints of the problem are always tested, and if the mutation failed to fulfill some constraints, the mutation is not performed.
Having presented the elements of this multiobjective GA, the returned solution is a set of nondominated individuals, and these individuals compose the efficient frontier. Furthermore, this algorithm obtains a set of subefficient portfolios. The set of efficient and subefficient portfolios constitutes the set of feasible portfolios from which a set of socially responsible portfolios will be obtained.
Once the set of feasible portfolios is obtained, a GA is used to calculate the best socially responsible portfolios. This GA will be executed for each feasible portfolio (a parallel execution will be carried out). This GA is defined in the next section.
Obtaining socially responsible portfolios (STEP 2)
After obtaining the efficient frontier, we want to calculate other portfolios, near this efficient frontier taking into account their social responsibility. To do that a parallel GA has been developed. The decision to develop a parallel GA is clear, the aim of this parallel GA is to obtain the most socially responsible portfolio for each feasible portfolio taking into account the distance to the efficient frontier. So, the GA launches a process in parallel for each possible portfolio. The input for the algorithm is the output of the algorithm STEP 1. But in this case, the input is only the portfolios composition, ie, the set of portfolios {y 1 , y 2 , . . . , y m } with dominance value equal to one and equal to zero (efficient and subefficient portfolios). Restricting the search domain to which the user has indicated, a portfolio is sought, with its proper investment, in order that the user can get the higher value of degree of social responsibility. The GA components are described as follows:
Individual: The individual codification is real where depending on the portfolio, each gene represents the invest of the corresponding asset and the individual represents the investment vector x. Each individual must verify the conditions proposed in the set X.
Fitness:
The fitness function defines the social responsibility taken into account the distance of the portfolio to the efficient frontier. The greater the fitness function is, the better the portfolio is from a non financial viewpoint. The fitness function is the objective function of the model (FP).
min{µC(x, y), wµS(x, y) + (1 − w)µẼ(x, y)}

Selection:
The selection is performed by binary tournament, being better the individual with greater fitness value.
Crossing:
The crossover operator is performed by using a version of the α-BLX operator. The crossover operator takes two individuals cr 1 and cr 2 defined by (x cr11 , x cr12 , . . . , x cr1n ) and (x cr21 , x cr22 , . . . , x cr2n ), respectively and calculates the following values:
where
Taking n values randomly in the interval
To complete a correct offspring, a random value hp j from HP is taken and HC j =hp j and S = S + (hp j − l i ). This process is carried out until S > 1 or until having used all hp j values S < 1. In these situations the HC values must be modified to fulfill the constraints i HC i =1.
Mutation:
The mutation operator is applied by individual and has two options. The first option is to exchange the investments between two genes. With this option the constraint that all the investments have to sum one is fulfilled. The second option is to change the investment of a gene and to fulfill the constraint to sum one, adding or removing the difference between other genes.
For each feasible portfolio, the GA returns the degree of social responsability and investment in each asset.
An example of socially responsible portfolio selection
In order to compare the solutions provided by proposed approach, we will analyze in this section a small real numerical example. We consider a problem with the 10 funds listed in Table 1 , for which we determine the portfolio's environmental responsibility degree SRD(·) based on mutual funds' fuzzy environmental responsibility degrees (see Table 2 ). For the sake of brevity we omit the variancecovariance matrix and the vector of expected returns, but we are using weekly data from 31-12-2006 to 31-12-2007 provided by Morningstar Ltd. Assume we wish to select a portfolio consisting of a minimum of 3 and of a maximum of 6 funds in such a way that each non-zero weight is at least 0.05. As upper bounds for the weights, we fix 0.25 for the first five (the socially responsible ones) and 0.15 for the conventional ones. These weights allow up to a 75% of conventional funds and up to a 100% of socially responsible funds in each feasible portfolio.
These values determine an instance of model (CP) whose efficient frontier (red curves) is shown in Figure 2 . The explicit efficient frontier is described in Table 3 . 1,0,1,1,1,0,0,1,1 1,0,1,0,1,1,0,1,1 1,0,1,0,1,1,0,1,1 1,0,1,0,1,1,0,1,1 1,0,1,0,1,1,0,1,1 1,0,1,0,1,0,0,1,1 1,0,1,0,1,0,0,1,1) 16.521800 -3.033362 3.371089 0.239175 0.256769 1.894916 1.918724 {} {2,4,9,10} (1,1,0,1,0,1,0,0,1,1 1,0,1,0,1,0,0,1,1 1,0,1,0,1,0,0,1,1 1,0,0,0,1,1,0,1,1 1,0,1,0,0,0,1,1,1 1,0,1,0,0,0,1,1,1 The irregular shape of the frontier is due to the fact that the function R ef (r) can be calculated as the pointwise minimum of the functions R y ef (r) corresponding to the subproblems CP r (y) resulting of fixing a specific value y for the binary variables. These auxiliary subproblems are quadratic, and so their efficient frontier is a continuous piecewise parabolic curve. Furthermore, in this example, the feasible portfolios are shown in Figure 2 .
On the efficient frontier, the investor can choose the zone of the risk-return plane he is interested in. Formally, this means to determine the fuzzy setC. For this, we fix (r 0 , R 0 ) = (0.26, 1.98) with tolerances (s r , s R ) = (0.01, 0.02) (box in Figure 2 ). It contains just 13 subefficient portfolios and 3 portfolios which belong to the efficient frontier. This implies that each (efficient or not) feasible portfolio of any subproblem different from those appearing in the feasible region, is completely infeasible.
In order to define the fuzzy setẼ determining the partially efficient portfolios, we must fix the tolerances (t r , t R ). In absence of a concrete investor to adopt a more specific criterion, a default choice could be taking as t r the maximum distance from a return in the efficient frontier to the minimum return in the feasible region, and analogously for t R . In our case: t r = 0.2785 − 0.25 = 0.0285 and t R = 2 − 1.9093 = 0.0907. To determine an instance of the model (FP), we need to fix the weight w for the social responsibility degree in the goal function. Let us set a quite high value, namely w = 0.8 to favor those portfolios being quite far from the efficient frontier if they are good with regard to SRI. The obtained solutions are shown in Table 4 The parameters for the different algorithms are: (# Individuals: 20; # Generations: 400; Mutation prob: 0.4; Crossover prob: 0.8) for the GA in STEP 1 and (# Individuals= 60; # Generations: 800; Mutation prob.: 0.1; Crossover prob.: 0.85) for the GA in STEP 2. The results were obtained on a Cluster 32 cores -Intel Core i7 CPU 940 with 2.93GHz and 2GB of memory. The CPU time for STEP 1 is 3 seconds and STEP 2 is 0.126 seconds.
The optimal solution of model (FP) is the portfolio N 1 in Table 4 , whose degree of membership of the decision set is 0.6250. With this solution, the investor gets an expected return r = 0.264, with a risk R = 1.931 and a social responsibility degree SRD = 0.2922.
It is interesting to compare this optimal solution with other alternatives, and therefore Table 4 contains the six best portfolios that are optimal with regard to the portfolios with the same composition. Notice that this does not mean that portfolio N2 is the second best solution of model (FP), since there are infinitely many portfolios near to N 1 that are better than N 2. What we can say is that, if we look for a portfolio with a composition different from that of N 1, the best possibility is N 2. Let us also remark that N 1 belongs to the efficient frontier (composition y = (1, 1, 0, 1, 0, 0, 0, 0, 1, 1) ). However, N 2 is quite far from the efficient frontier but it is an efficient portfolio of its subproblem, namely, that corresponding to the composition y = (1, 1, 1, 0, 0, 0, 0, 0, 1, 1) . And if we observe the solution N 2, its social responsibility grade is SRD = 0.4055 but with a higher risk and a lower return than the values of the solution N 1.
In general, when applying the approach for solving an instance of model (FP), it is useful to save not only the best portfolio along the search process, but the best portfolio found for each composition. Hence, in the end we can present the investor not only the optimal portfolio, but also a list of alternatives for different compositions. These alternatives are ordered a priori according to his/her own preferences. In this way the investor is given a last chance to decide which portfolio suits better his/her preferences with regard to the trade off between risk, return and social responsibility.
Conclusions
In this paper, we have proposed a hybrid approach (named GASRP-FP) composed of two genetic algorithms to solve a fuzzy portfolio selection model with cardinality constraints, semicontinuous variable and non-financial goals. An analytical description of the efficient frontier and social responsibility solutions are obtained. This approach is more adequate for medium as well as large-sized problems. The proposed approach provides the investor not only the optimal portfolio but a list of alternatives for different compositions. In this way the investor is given a last chance to decide which portfolio suits better his/her preferences with regard to the trade off between risk, return and social responsibility.
